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[Source:	  NASA	  Earthdata]	  

Fig. 6 as γ = 0.8/4.2 = 0.19, which is not subject to the deep water approximation. Hence,356

we expect that using (17) to assess the impact of stratification effects will be accurate for357

most interfacial trapped lee wave observations.358

Besides its influence on the wavelength, a continuously stratified free atmosphere may359

lead to a transition from hydrostatic to non-hydrostatic interfacial waves because it limits360

the range of possible trapped modes on the interface. This can impact the validity of the361

shallow-water approximation, as discussed further in what follows.362

b. Impact of stratification effects on the shallow-water approximation363

Mountains in topographic flows typically excite a continuous spectrum of wave modes364

into the atmosphere. In two-layer flow, only part of of the spectral modes k might be365

trapped on the interface, depending on the thermal structure of the free atmosphere. Those366

modes with k > l2 are not trapped because they will penetrate through the interface and367

propagate vertically into the free atmosphere (Vosper 2004). Multiplying this criterion with368

the layer height yeilds kh1 > l2h1. On the other hand, the shallow water approximation369

coth(kh1) ≈ (kh1)−1 is valid when the wavelength is large compared to the layer depth370

i.e. kh1 � 1. Scale analysis suggests that the two conditions kh1 > l2h1 and kh1 � 1 can371

be incompatible.372

Typical values for the order of magnitude of the Scorer parameter and the layer depth373

are O(l2) = 10−3 and O(h1) = 103, hence O(l2h1) = 1. In this case, the shallow-water374

approximation is inappropriate. The range of values of l2 and h1 for which the approximation375

is still valid can be estimated from the lower bound of l2h1 < kh1 � 1 using the original376

term coth(l2h1) and its shallow-water approximation form (l2h1)−1. The relative difference377

between these two terms is378

� = 1− (l2h1) · coth(l2h1) . (18)

The dependence of � on l2 and h1 is shown in Fig. 8. Clearly, stratification aloft can cause379
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Introduc2on	  
•  Trapped	  lee	  waves	  are	  horizontally	  propaga2ng	  waves	  featuring	  mul2ple	  wave	  crests	  and	  

can	  extend	  over	  several	  hundreds	  of	  kilometers.	  
•  The	  wave	  updraP	  regions	  are	  visible	  in	  satellite	  images	  as	  cloud	  stripe	  paQern	  if	  sufficient	  

moisture	  is	  available	  
•  In	   flow	   with	   uniform	   background	   wind	   speed	   U,	   trapped	   lee	   waves	   are	   supported	   by	  

different	  thermal	  structures	  (the	  wave	  trapping	  region	  is	  indicated	  in	  red):	  

Linear	  theory	  

1)	  Resonant	  lee	  waves	   2)	  Interfacial	  lee	  waves	  

θ	
 θ	

θ	


z	
 z	
 z	

3)	  BL	  inversion	  lee	  waves	  

respect to the mountain.102

The FDR of trapped lee waves that correspond to the stability profile in Fig. 1 can be103

derived by assuming that wavelike solutions exist in each of the two fluid layers. Furthermore,104

the dynamic boundary condition at the interface, which requires continuous pressure across105

it, needs to be adapted in order to account for the density jump (Vosper 2004). The derivation106

of the corresponding FDR is presented in Appendix A-a. The dynamics of stationary lee107

waves in this type of flow are then described by (Scorer 1997):108

U2 =
g�

im1 coth (im1h1)− im2
(1)

where g� = g ·∆θ/θ0 is reduced gravity at the interface and m1,2 = (l21,2−k2)1/2 is the vertical109

wave number in the lower (subscript 1) and the upper layer (subscript 2) respectively. Four110

wave types that correspond to common atmospheric structures can be obtained from Eq. (1)111

if certain conditions apply, as explained below.112

a. Internal interface waves (N1,2 = 0)113

If both layers are neutrally stratified, wave energy is concentrated on the density discon-114

tinuity between them because all wave modes are evanescent (m2
2 < 0) below and above it.115

If the source of the wave energy is at the surface, as in the case of mountain waves, higher116

altitudes of the interface will result in lower lee wave amplitudes. This happens because117

evanescent wave modes decay with increasing distance from the wave source. Assuming118

N1,2 = 0 in (1), the FDR of stationary interfacial waves becomes (Turner 1973)119

U2 =
g�

k coth(kh1) + k
. (2)

The coth (kh1) term is non-periodic because the argument is a real number. Thus, only120

a single stationary wave mode can exist on the density discontinuity. The FDR in (2) is121

the theoretical framework which is commonly used to describe interfacial waves at internal122

boundaries with a non-passive upper layer (|p�1| ≈ |p�2|). Therefore, we refer to it as traditional123

interfacial wave theory, hereafter TIWT.124
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Interfacial	  lee	  waves	   BL	  inversion	  lee	  waves	  

interfacial wave theory to account for stratification in the upper layer. We refer to this169

adapted framework as extended interfacial wave theory, hereafter EIWT. The corresponding170

FDR is obtained from (1) by requiring N1 = 0, but maintaining a wave permitting layer171

with N2 > 0 aloft and becomes:172

U2 =
g�

k coth (kh1) +
�
k2 −

�
N2
U

�2 . (8)

This FDR is the general form of that used by Vosper (2004), who applied to it the deep-173

water approximation. Vosper noted that all wave modes where k2 < l22 will propagate into174

the upper stratified layer and cannot be trapped on the interface. Consequently, k2 = l22 is a175

lower wavenumber bound for wave trapping on the interface. This condition gives rise to an176

external wave that obeying to (6) (External interface waves, see Section 2b). Critical values177

for ∆θ and h1 can be determined with inserting k = l2 into (6). Solving for ∆θ or h1 gives:178

∆θcrit =
N2 U θ0

g
· coth (l2h1) (9)

h1crit =
1

l2
· acoth

�
g�

N2U

�
(10)

Inversions with a strength ∆θ > ∆θcrit or alternatively a height h1 > h1crit will give rise to179

wave trapping along the interface because the stationary wave disturbance is then evanescent180

in the layer aloft.181

d. Resonant trapped waves (g� = 0)182

The FDR of trapped lee waves that emerge in a Scorer duct can be derived from Equation183

1 by setting g� = 0 (∆θ = 0). Then, Equation 1 simplifies to (Scorer 1949)184

coth (im1h1) = −m2

m1
. (11)
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Observa2ons	  –	  Madeira	  lee	  wave	  event	  
Linear	  theory	  –	  Wavelength	  results	  

λIW = 2π/k	
 λBW = 2π/k	


300 m	


2000 m	


Dimensions	  of	  Desertas	  ridge:	  

•  Linear	  theory	  gives	  accurate	  wavelength	  
escmacons	  

•  The	   behaviour	   of	   λIW  and	   λBW	   is	  
generally	  similar	  

•  Stracficacon	   decreases	   the	   wavelength	  
(cf.	  dashed	  and	  solid	  lines).	  	  

•  	  λIW and	  λBW	  become	  independent	  of	  the	  
layer	  depth	  beyond	  a	  certain	  value	  of	  h1.	  

•  Criccal	  values	  for	  wave	  trapping	  exist	  for	  
∆θ	  and	  h1 (white	  dots	  in	  (a)	  and	  (b))	  	  

while retaining the dispersive character of the FDRs. Equations 2 and 8 simplify then to334

k =
g�

2U2
(15)

k =
g�

2U2
+

N2
2

2g�
(16)

respectively for TIWT and EIWT. Clearly, the additional term in Equation 16 reflects the335

influence of stratification in the upper layer. The relative magnitude of the second term in336

(16) can be expressed as337

γ =
N2

2

2g�

� g�

2U2
=

�
l2
g�

U2

�2

. (17)

γ is the quotient of the upper layer Scorer parameter l2 and the coefficient g�/U2
in the338

term that introduces the inversion characteristics in the dynamic boundary condition at the339

interface (A7). If γ is small, then inversion effects will dominate over those introduced by340

the wave-permitting layer aloft. Stratification can therefore be neglected. Note that even if341

γ = 0, the passive layer assumption is generally not valid in non-hydrostatic flows because342

interfacial trapped waves excite evanescent pressure perturbations p�2 into the upper layer343

(see Section 2a).344

The dependence of γ on l2 and g�/U2
is shown in Fig. 7. γ increases with increasing l2,345

but decreases with increasing inversion strength g�(∆θ). This behavior is consistent with346

that of the curves corresponding to the full FDRs in Fig. 6. The elaborations in this section347

are only valid if kh1 � 1. If this condition applies, then γ is independent of the layer depth348

h1. However, it can be anticipated from Fig. 6b that the difference between λTIWT and349

λEIWT becomes dependent on h1 if the layer depth is shallow.350

Kundu et al. (2012) suggest the deep-water approximation (coth(kh1) ≈ 1) to be valid351

when 1/coth(kh1) > 0.97, i.e. when the difference between approximated and original value352

is less than 3%, implying that λ/h1 � π. For the lee wave case in exam λ/h1 = 3.8353

and γ = 0.19 (white dot in Fig. 7). The wavelength decreases therefore by 19% due to354

stratification effects. This result is confirmed by estimating the relative difference from355
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Stracficacon	  effects	  are	  important	  when:	  
•  winds	  are	  strong	  
•  inversions	  are	  weak	  
•  (trivially)	  stracficacon	  is	  strong	  

Well	  known,	  lots	  of	  literature.	   Relacvely	  unexplored,	  lible	  literature	  available.	  
	  

Aims:	  
•  Validate	  the	  linear	  theory	  of	  interfacial	  and	  BL	  lee	  waves	  with	  observa2ons	  (Turner	  1972,	  

Vosper	  2004)	  	  
•  Study	  the	  dependence	  of	  the	  lee	  wavelength	  on	  stracficacon	  in	  the	  free	  atmosphere	  
•  Discuss	   the	   impact	   of	   a	   concnuously	   stra2fied	   free	   atmosphere	   on	   the	   applicability	   of	  

hydraulic	  analogies	  for	  a	  quanctacve	  descripcon	  of	  layered	  atmospheric	  flows	  

N2 = 0	
 N2 > 0	
N2 < N1	


N1 > 0	
 N1 = 0	
 N1 = 0	

Δθ	
 Δθ	


Observed	  wavelength:	  

λOBS = 4.4 km	  

1)  The	  wavelength	  of	  the	  trapped	  disturbance	  decreases	  
2)  Only	  short-‐wavelength	  modes	  can	  be	  trapped	  on	  the	  interface	  
3)  For	   typical	   atmospheric	   values	   of	   Scorer	   parameter	   and	   inversion	   height,	  

the	  shallow-‐water	  approximacon	  is	  not	  valid	  anymore	  	  

•  Stracficacon	  impact	  on	  interfacial	  trapped	  lee	  waves	  :	   •  Consider	  wave	  amplitude	  
•  Validate	  with	  numerical	  simulacons	  
•  Include	  more	  observacons	  

Hydraulic	  theory	  can	  be	  inappropriate	  if	  N2 > 0	


Valid	  for	  short	  waves	  (kh1 >>1)	


Funchal	  sounding	  (upstream)	  –	  24	  Dec.	  2013	  

•  Why	  is	  this	  case	  interes2ng?	  
Upstream	   winds	   are	   relacvely	   undisturbed	  
compared	  to	  other	  mountain	  regions.	  

•  What	  do	  we	  use	  observa2ons	  for?	  
We	   use	   the	   available	   data	   to	   validate	   the	   linear	  
models	   of	   the	   previous	   seccon	   and	   apply	  
representacve	  atmospheric	  values	  to	  the	  FDRs.	  

•  Are	  there	  other	  regions	  where	  similar	  waves	  occur?	  
Yes,	   a	   similar	   boundary	   layer	   structure	   can	   be	  
frequently	   observed	   over	   surrounding	   plains	   in	  
mountain	  areas.	  	  

Satellite	  image	  	  (24	  Dec.	  2013)	  

Boundary	  layer	  (BL)	  
Frequency	  dispersion	  rela2onships	  (for	  sta2onary	  interfacial	  lee	  waves):	  	  
(Scorer	  1949,	  Taylor	  1972,	  Vosper	  2004),	  

while retaining the dispersive character of the FDRs. Equations 2 and 8 simplify then to334

k =
g�

2U2
(15)

k =
g�

2U2
+

N2
2

2g�
(16)

respectively for TIWT and EIWT. Clearly, the additional term in Equation 16 reflects the335

influence of stratification in the upper layer. The relative magnitude of the second term in336

(16) can be expressed as337

γ =
N2

2

2g�

� g�

2U2
=

�
l2
g�

U2

�2

. (17)

γ is the quotient of the upper layer Scorer parameter l2 and the coefficient g�/U2
in the338

term that introduces the inversion characteristics in the dynamic boundary condition at the339

interface (A7). If γ is small, then inversion effects will dominate over those introduced by340

the wave-permitting layer aloft. Stratification can therefore be neglected. Note that even if341

γ = 0, the passive layer assumption is generally not valid in non-hydrostatic flows because342

interfacial trapped waves excite evanescent pressure perturbations p�2 into the upper layer343

(see Section 2a).344

The dependence of γ on l2 and g�/U2
is shown in Fig. 7. γ increases with increasing l2,345

but decreases with increasing inversion strength g�(∆θ). This behavior is consistent with346

that of the curves corresponding to the full FDRs in Fig. 6. The elaborations in this section347

are only valid if kh1 � 1. If this condition applies, then γ is independent of the layer depth348

h1. However, it can be anticipated from Fig. 6b that the difference between λTIWT and349

λEIWT becomes dependent on h1 if the layer depth is shallow.350

Kundu et al. (2012) suggest the deep-water approximation (coth(kh1) ≈ 1) to be valid351

when 1/coth(kh1) > 0.97, i.e. when the difference between approximated and original value352

is less than 3%, implying that λ/h1 � π. For the lee wave case in exam λ/h1 = 3.8353

and γ = 0.19 (white dot in Fig. 7). The wavelength decreases therefore by 19% due to354

stratification effects. This result is confirmed by estimating the relative difference from355
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Desertas	  lee	  wave:	  increase	  of	  λ by	  a	  factor	  of	  14	  %	  due	  to	  stracficacon	


Ver2cal	  wave	  structure	  
Interfacial	  lee	  waves	  

w’	
 u’	


z [
km

]	

x [km]	
 x [km]	


BL	  inversion	  lee	  waves	  

w’	
 u’	


z [
km

]	


x [km]	
 x [km]	


Can	  hydraulic	  analogies	  be	  inappropriate	  if	  the	  atmosphere	  above	  an	  inversion	  is	  stably	  stra2fied?	  

k > l2	
kh1 << 1	  

Fig. 6 as γ = 0.8/4.2 = 0.19, which is not subject to the deep water approximation. Hence,356

we expect that using (17) to assess the impact of stratification effects will be accurate for357

most interfacial trapped lee wave observations.358

Besides its influence on the wavelength, a continuously stratified free atmosphere may359

lead to a transition from hydrostatic to non-hydrostatic interfacial waves because it limits360

the range of possible trapped modes on the interface. This can impact the validity of the361

shallow-water approximation, as discussed further in what follows.362

b. Impact of stratification effects on the shallow-water approximation363

Mountains in topographic flows typically excite a continuous spectrum of wave modes364

into the atmosphere. In two-layer flow, only part of of the spectral modes k might be365

trapped on the interface, depending on the thermal structure of the free atmosphere. Those366

modes with k > l2 are not trapped because they will penetrate through the interface and367

propagate vertically into the free atmosphere (Vosper 2004). Multiplying this criterion with368

the layer height yeilds kh1 > l2h1. On the other hand, the shallow water approximation369

coth(kh1) ≈ (kh1)−1 is valid when the wavelength is large compared to the layer depth370

i.e. kh1 � 1. Scale analysis suggests that the two conditions kh1 > l2h1 and kh1 � 1 can371

be incompatible.372

Typical values for the order of magnitude of the Scorer parameter and the layer depth373

are O(l2) = 10−3 and O(h1) = 103, hence O(l2h1) = 1. In this case, the shallow-water374

approximation is inappropriate. The range of values of l2 and h1 for which the approximation375

is still valid can be estimated from the lower bound of l2h1 < kh1 � 1 using the original376

term coth(l2h1) and its shallow-water approximation form (l2h1)−1. The relative difference377

between these two terms is378

� = 1− (l2h1) · coth(l2h1) . (18)

The dependence of � on l2 and h1 is shown in Fig. 8. Clearly, stratification aloft can cause379
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Long-‐wave	  criterion	   Wave-‐trapping	  criterion	  

incompacble	  	  
when	  N2 > 0	


Emerging	  error	  in	  long-‐wave	  approxima2on:	  	  

Desertas	  lee	  wave:	  ε ≈ 27 %	


Internal	  Interface	  wave:	  
(N1 = 0 s-1)	  

5.0	  km	  

BL	  inversion	  wave:	  
(N2 = 0.01 s-1)	  

4.2	  km	  

Observacons:	   4.4	  km	  

Wavelength	  results	  

Outlook	  

How	  does	  the	  stably	  stra2fied	  free	  atmosphere	  	  affect	  the	  wavelength	  of	  a	  trapped	  lee	  wave?	  

Long	  answer:	  
The	  wavelength	  impact	  can	  be	  escmated	  analyccally	  

Short	  answer:	  the	  wavelength	  generally	  decreases	  if	  N2 > 0	


Rela2ve	  difference	  between	  λIW and	  λBW	  

Short	  answer:	  Yes,	  because	  the	  underlying	  long-‐wave	  approximacon	  can	  be	  invalid	  if	  N2 > 0	


Long	  answer:	  	  
•  Wave	  modes	  with	  k > l2 can	  propagate	  through	  the	  inversion	  into	  the	  free	  atmosphere	  
•  Only	  relacvely	  short	  wavelength	  modes	  can	  be	  trapped	  on	  the	  interface	  
•  However,	  hydraulic	  theory	  relies	  on	  the	  long-‐wave	  (shallow-‐water)	  approximacon	  (kh1 << 1)	  

(because	  the	  long-‐wave	  (shallow-‐water)	  approximacon	  is	  not	  valid	  anymore)	  	  

Some	  remarks	  

h1	  h1	  h1	  

λ = f (U, Δθ, N2, N1 = 0, h1 )	  

We	  are	  interested	  in:	  

λIW	   λBW	  

Frequency	  dispersion	  rela2onship	  	  
relates	   the	   phase	   speed	   cp	  of	  waves	  with	   the	  
wavenumber	  k	  

+
[Contours:	  0.5	  m/s]	  

λ	  

a wave permitting layer with N2 > 0 aloft:164

U2 =
g�

k coth (kh1) +
�
k2 − l22

. (7)

Equation (7) is the general form of the FDR considered by Vosper (2004), which is the165

corresponding short-wavelength (kh1 � 1) approximation. All wave modes satisfying k2 < l22166

(m2
2 > 0) can propagate into the upper stratified layer, hence they are not trapped on167

the interface. Consequently, the condition k2 = l22 defines a critical wavenumber, i.e., the168

lowest wavenumber (longest wavelength) for which wave trapping is possible. This condition169

transforms Eq. (7) into Eq. (6), i.e., into the special case of a free interfacial wave (Section170

2b), and generates the maximum total wave drag (Teixeira et al. 2013).171

Equation (7) shows that, given N2 and U , the critical wavenumber depends on the inver-172

sion strength ∆θ (through g�) and on the lower layer depth h1. Critical values for ∆θ and173

h1 can be determined inserting k = l2 = N2/U into Eq. (7). Solving for ∆θ or h1 then gives:174

∆θcrit =
N2 U θ0

g
· coth

�
N2h1

U

�
(8)

h1crit =
U

N2
· acoth

�
g�

N2U

�
(9)

Inversions with strength ∆θ ≥ ∆θcrit, or located at height h1 ≥ h1crit, cause wave trapping175

because they let stationary waves become evanescent in the layer aloft.176

d. Resonant trapped waves (g� = 0)177

Setting g� = 0 (that is, ∆θ = 0) in Equation 1 simplifies it to (Scorer 1949):178

coth (im1h1) = − l22 − k2

l21 − k2
. (10)

Therefore, wave trapping occurs even in absence of a density discontinuity if a wave mode k179

that satisfies Eq. (10) exists. Scorer (1949) showed that this is the case if180

l21 > k2 > l22 (11)

l21 − l22 >
π2

4h2
1

. (12)
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Resonant	  lee	  waves	  

In	  the	  focus	  of	  our	  inves/ga/ons	  

Wavelength	  of	  the	  trapped	  disturbance	  as	  a	  
funccon	  of	  the	  flow	  parameters	  

•  Linear	  theory	  accurately	  predicts	  the	  wavelength	  of	  interfacial	  waves	  

-‐	  

buoyancy oscillation in the lower layer. Thus, in such cases the rotor system is decoupled416

from the external flow because the oscillation period is determined entirely by N and U417

of the rotor streaming layer. The periodic appearance of the rotors suggests, that a wave418

disturbance that propagates horizontally with a constant phase speed is responsible for the419

triggering of the rotors. Gheusi et al. (2000) showed in their water tank experiments that420

the occurrence of rotor streaming in single layer flows occurs only if downslope windstorms421

underneath a breaking breaking wave are present.422

A look at the hovmoeller diagrams of the free-slip simulation set in Fig. 10 confirms these423

findings with a strong correlation between rotor streaming events in Fig. 9 and downslope424

windstorms. The front of the shooting flow resembles a hydraulic jump where the accelerated425

winds adjust to the downstream environment. This front propagates downstream with a426

constant speed after the mountain wave breaks.427

In the quasi no-slip simulations in contrast, a surface wave disturbance is triggered at428

the location where the boundary layer separates for the first time. Since the wave induced429

pressure gradient is stationary and BLS will trigger a wave crest above the reversed flow, the430

phaselines of the downward propagating surface wave are stationary. The general frequency431

dispersion relationship for linear sinusoidal surface waves sitting on an interface with reduced432

gravity g
� = g ·∆θ/θ0 is (e.g. Whitham 2011)433

ω
2 =

g
�2π

λr
tanh

�
2πHd

λr

�
, (4)

where Hd is the height of the inversion. Using this equation and the relation cp = ω/k434

one can estimate the phase speed of a surface wave disturbance. In our case we objectively435

choose Hd to be the half height of the rotor, λr the distance between the two leading rotors436

and ∆θ as potential temperature difference across the shooting flow. Since the layer beneath437

the inversion is well mixed, θ0 can be chosen as the surface potential temperature. The438

result is shown in Fig. 9 as a thick dashed line that originates from the first rotor. There439

is a remarkable agreement between the propagation of the rotor train in the numerical440

simulations and the phase speed estimated from (4) and suggests, that rotor streaming441
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